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Optimal Switching Instants of Linear Switched Systems
Based on Meta-heuristic Approaches

Mouadh SAKLY, Anis SAKLY, Nesrine MAJDOUB and Mohamed BENREJEB

Abstract- In this paper, optimal control problems for switched
systems are studied. In particular, we focus on such problems given a
prespecified sequence of active subsystems and propose two
approaches based on meta-heuristics to find the optimal switching
instants. The first one is based on the Genetic Algorithm (GA) and
the second on the Particle Swarm Optimization (PSO) algorithm.
The objective is to minimize the performance index, depending on
these instants, over a finite time horizon. We assume that a pre-
assigned sequence is given and that at each switching instant, a jump
in the state space variable may occur and that an additional cost is
then associated with it.

Index Terms— Hybrid systems, Linear switched systems,
Optimal control, Genetic Algorithm, Particle Swarm Optimization,
switching instants, Autonomous and controlled systems.

1. INTRODUCTION

Hybrid control [1] has become a hot research topic since it
combines the standard control, where dynamic systems
are typically described by differential or difference
equations, with discrete logic or discrete events [2]. When
digital computers, digital networks, and embedded
systems involved in control systems become ubiquitous
and increasingly complex, understanding the coupling
between logic-based components and continuous physical
systems becomes important [3][4]. Moreover, purposely
making use of hybrid control strategies to achieve the
control objective unachievable via conventional control
methods has become practically feasible [5][6]. As a
special type of hybrid systems, a switched system consists
of several subsystems and a switching law specifying the
active subsystem at each time instant.

Many real processes such as robotic systems [7], [8],
air traffic control [9], computer processes [10],
automotive systems [11], chemical processes, and
manufacturing processes, can be modeled as such systems.
Recently, optimal control problems for switched systems
have attracted many researchers.
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A solution for a such problem consists in determining
not only the continuous control inputs, as in a
conventional optimal control problem but also on the
computation of the discrete control inputs defined in
terms of switching instants and their corresponding active
subsystems [12].

The approach proposed in [12- 14] is to decompose
the problem into two stages. Stage (a) is a conventional
optimal control problem that finds the optimal cost giving
the sequence of active subsystems and the switching
instants. Stage (b) is a nonlinear optimization problem
that finds the local optimal switching instants.

In particular, stage (b) performed for nonlinear
optimization problem finds optimal switching instants
based on gradient methods [12][15][16]. The proposed
approach transforms the problem set by the equivalence
of the switching instants. The gradient method is used to
generate a formula for the first and second order
derivative of the cost, the meaning of continuous control,
in relation to switching instants. The conceptual algorithm,
applied for this optimization methodology, allows at each
instant to:

- find a value of cost by solving an optimal control
problem (stage(a)),

- find first order derivative of the cost (and second order
derivative if it is to be used),

- use gradient information of cost to update switching
instants.

When a smaller gradient term than a given smaller
number is reached, the optimal switching instants
correspond to the last update instants. The difficulty with
this approach is the unavailability of an explicit form of
the first and second order derivative of the cost formula.
Being presented with such difficulties, some evolutionary
meta-heuristic algorithms, such as Genetic Algorithm
(GA) and Particle Swarm Optimization (PSO) are
proposed and have been applied to solve General
Switched Linear Quadratic (GSLQ) optimal control
problems. GA and PSO offer a high degree of flexibility
and robustness in dynamic environments.

The rest of this paper is organized as follows: after
briefly introducing the GSLQ problem formulation in
Section 2, we present the meta-heuristic optimization
approaches based on GA and PSO, respectively, in
Sections 3 and 4. In Section 5, we propose a solution for
linear switched systems for both autonomous and
controlled systems cases, and we compare the two
methods with the gradient method through several
numerical examples, Section 6 concludes this paper.
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2. PROBLEM FORMULATION

2.1. Linear Switched Systems

In this paper, we consider two types of linear switched
systems consisting of the subsystems x= Ax for the

autonomous case and X = Ax+ B,u for the controlled case
with ie1={1,2,3,..,M}. In order to control a switched

system, one needs to choose not only a continuous input
but also a switching sequence. A switching sequence in

te[to,tf] regulates the sequence of active subsystems
and is defined as follow:

o =((tosi0) (i) soees (b i )soo (B i ) 1)
where K>0;t, <t <..<t and i, el ={1,23,..K+1} for
k=123,..,and K . Note that (t,i ) indicates that at
instant t, the system switches from subsystems i, , to i,
and subsystem i, is active during the time interval
[t,.t...]. For a switched system to be well-behaved, we
only consider sequences which switch at most a finite
number of times in [to,tf ] If we regard o as a discrete
input, then the overall control input to the system is a pair
(o,u). Finally, we note that the feature distinguishing a

switched system from a general hybrid system is that its
continuous state does not exhibit jumps at the switching
instants. Such a feature makes the computation of
continuous inputs amenable via the usage of conventional
optimal control methods.

2.2. Optimal Control Problem

Consider a controlled linear switched system with
subsystems [15][17]

Xx=Ax+Bu with iel={123..M} . Assume that a
perspecified  sequence  of  active  subsystems
(12,3,.....k,....K+1) is given. Find optimal switching
instants t,...t, , t, <t <..<t <t. such that the
corresponding continuous state trajectory x departs from
agiven initial state x(t,)=x, , and the cost

ty

J(tl,...,tk)zt//(x(tf ))+_[L(x(t),u(t))dt )

0

is minimized, where y and L will be considered later in
the general quadratic problem.

We observe that a small disturbance of t,..., and t,
will only cause a small disturbance of J value.
Furthermore, it can be shown that J is a continuously
differentiable function of t,...,and t, .

We propose in this paper to solve the problem of
GSLQ problems. We consider a special class of optimal

control problems for switched systems, i.e., general
switched linear quadratic problems.

First of all, we state the problem as follows:

For a switched system S with linear subsystems
X=Ax+Bu , iel and a given switching sequence
o =((ty.ip) (t,,)-.-(tc i ) find the optimal switching
instants t,......,t, such that the cost function in a general
quadratic form

3= ox(t ) Qux(t M (o,
{ (©)
+{ [;XTQX+XTVU +%UTRU+MX+ Nu +Wjdt

is minimized where t,, t, and x(t,)=x, are given,
Q,;,Q>0 and R>0. Note that for general quadratic

control of a linear system %X = Ax+Bu, we can use the

dynamic programming approach to obtain the following
results.
The optimal value function

\/'*(x,t):%xPT ()x+S(t)x+T(t) (4)

satisfy the following general Ricatti equations:
o Q+P(t)A+AP(t)
() {—(P(t)Bi +V)R(BTP(1)+VT) ®

M +S(t)A

-S() :[—(S(t)Bi #N)R(BTP(t)+VT )J ©

-T(t)=W —%(S(t) B,+N)R™(B'S™(t)+N") (7)
where
P(t)=P" (t) (®)
The optimal control is of the feedback form
u(t)=-K(t)x(t)-E(t) 9)
with
K(t)=R*(B"P(t)+V") (10)
E(t)=R*(B"S" (t)+N") (11)

Focusing now on the general switched linear quadratic
problem, assume that for any nominal switching instants,

we always choose u(.) in the form (9) which is optimal in
this case. We can choose the nominal K (.)and E(.) rather

than u(.) to be fixed at each iteration of optimization (but

be updated after the iteration). This can give us the
flexibility of letting u(.) vary as a function of x since u

depends on x now.
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3. GENETIC ALGORITHM OVERVIEW

3.1. Introduction

The concept of the Genetic Algorithm, first formalized
by Holland and extended to functional optimization by De
Jong [18], involves the use of optimization search
strategies patterned after the Darwinian notion of natural
selection and evolution.

During a GA optimization, a set of trial solutions is
chosen and evolves toward an optimal solution under the
selective pressure of the objective function [19].

In general, a GA optimizer must be able to perform five

basic tasks

- encode the solution parameters in the form of
chromosomes,

- initialize a starting population,

- evaluate and assign fitness values to individuals in
the population,

perform reproduction through the fitness weighted
selection of individuals from the population,

perform recombination and mutation to produce
members of the next generation.

This algorithm is represented in Fig. 1.

Initial 3 Evaluation Selection Crossover
population fitness

Stopping
criterion
met?

No

Yes

The best
chromosome

Fig. 1. Genetic Algorithm

3.2. Selection

Each of the individuals is selected by its fitness value.
There are many different methods of selection. We are
interested in the elitism method that arranges the most
promising individuals on the top of population and
crosses them to obtain an improvement of the population.
In fact, the individuals that give the best fitness have a
good probability to be selected for the next generation.

3.3. Crossover

After the selection step, a crossover allows a
generation of new individuals. The crossover step cuts
two chromosomes, named parents, at a random place.
Then these two individual strings are reversed and two
chromosomes are created and named children.

3.4. Mutation

Mutation modifies in a random way and with a small
probability the value of a chromosome.

3.5. Optimization with GA

Our approach takes a random population of switching
instants. Each individual corresponds to a chromosome

representing the switching instants from t; to t, where

K +1 is the number of subsystems. Then, the algorithm
evaluates this population using selection, crossover and
mutation operations to obtain after a fixed number of
generations of the optimal switching instants. We note
that GA uses a real type encoding and not a binary one.

The proposed optimization algorithm consists of:

Step 1:
- Define the parameters of the algorithm: size of
population, maximal number of generations,

crossover probability and mutation probability, and
bounds of search space.

Step 2:

- Generate randomly the initial population of switching
sequence instants.
- Initialize the iteration index | .

Step 3:

- Evaluate and assign fitness values J, (t) to individuals

in the population by solving an optimal control
problem (stage (a)).

- Identify the individuals corresponding to the minimum
cost and re-arrange them using the elitism method.

- Produce children of parents selected by crossing.

- Mute children.

- Evaluate and assign fitness values J, (t) to individuals

by solving an optimal control problem (stage (a)).

- Identify the individual corresponding to the minimum
cost.

- Insert the individual, corresponding to the initial
minimal cost, to the new population.

Step 4:

- Increment | .

- If I < max_| the maximal number of generations

then return to step 3, else go to step 5.
Step 5:
- Return the best individual for the minimum cost.
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4. PARTICLE SWARM OVERVIEW

4.1. Introduction

Particle swarm optimization is a population based
stochastic optimization technique developed by Eberhart
and Kennedy in 1995 [20], inspired from social behavior
of bird flocking or fish schooling.

PSO shares many similarities with evolutionary
computation techniques such as GA.

The system is initialized with a population of random

solutions and searches for optima by updating generations.

However, unlike GA, PSO has no evolution operators
such as crossover and mutation. In PSO, the potential
solutions, called particles, fly through the problem space
by following the current optimum particles [21- 23].

Each particle is characterized by a position p and

velocity v. During flight, each particle updates its own
velocity and position by taking benefit from its best
experience and the best experience of the entire
population [24].

Let k be the iteration index. The new particle velocity
and position are updated according to the move equations
[25] [26]:

Vien =WV blrl ( pbeStk = P )+ bz r ( pgbeStk = P ) (12)
pk+1 = pk +Vk+1 (13)
with :
- p,: position of each particle at iteration k
- v, . velocity of each particle at iteration k
- b and b, :
coefficients of acceleration
- r and r, : two random numbers drawn uniformly in
the interval [0,1]
- pbest, : best position discovered by the particle until

strength of attraction, fixed positive

the iteration index k .
- pgbest, : global best particle position of the entire

population.

Inertia weight w controls the impact of the previous
velocities on the current velocity. It influences the
tradeoff between the global and local exploitation abilities
of the particles. For initial stages of the search process,
large inertia weight to enhance the global exploitation is
recommended while for last stages, the inertia weight is
reduced for better local exploration [26].

Weight is updated as:

W =W _ Wmax — Wmin k
k — max )
max__ |

and w__are minimum and maximum values

(14)

where w_
of w and max_| represents the number of maximal
iterations.

At each iteration, the behavior of a given particle is a
compromise among three possible choices (see Fig. 2):

e to follow its own way,

e to go toward its best previous position,
e to go toward the best neighbor.
@ DPgbest

ve Py

o) Pbest,

bz r ( pngStk - pk)

kak
byr, (pbest, — p, )

Fig. 2. The particule flight illustration

4.2. Optimization with PSO

As the same approach of GA, we take a random
population of switching instants. Hence, each particle

represents the switching instants from t to t,_ where

K +1 is the number of subsystems.

The proposed optimization algorithm is composed of five

steps:

Step 1:

- Define and initialize the parameters of the algorithm:
number of particles, the coefficients of confidence b,

b, , the maximal number of iterations max_it, the

bounds of inertia weight w_and w_ and the
bounds of search space.
Step 2:

- Initialize randomly the positions and velocities of
particles into the search space.

- By solving an optimal control problem (stage (a))
evaluate the fitness values of each particle.

- ldentify the switching instants corresponding to the
best fitness (minimum fitness).

- Affect the best instant to pbest : pgbest = pbest .

- Initialize iteration index k .
Step 3:

- Update v, and p, .

- Evaluate fitness values to each sequence by solving
stage (a).
- Find the switching instants corresponding to the best

fitness, pbest, .
- Compare initial pgbest, and actual pbest, :

If pbest, < pgbest, then pgbest, € pbest,
Step 4:

- Increment iteration index k .
- Compare the iteration index k and max_| :
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If k <max_I then return to Step 3, else go to Step 5.
Step 5:
- Return the best switching instants for the minimum
cost.

5. NUMERICAL EXAMPLES

In this section, we illustrate some numerical examples
to validate the two proposed approaches.
For the first approach, based on GA, we keep the same
parameters for all examples :

= Population size : 30

= Maximal number of generations : 20

= Crossover probability : 0.9

= Mutation probability : 0.2
All the same for the second approach based on PSO, we
take the following parameters:

= Swarm size : 30

=  Maximal number of iterations : 20
= b=Db=2

= w_=09andw =04

mi

5.1. Example 1 [27]:

We consider linear
switched system:

¢ subsystem 1:

SR R
X=Ax= 0 1 X

¢ subsystem 2:

the following autonomous

, (01 -05
X=AX= X
A 105 01
%+ subsystem 3:

. -1 0
X=AX= X
A 10 1

with t =0 and t, =3s. The system switches at t =t
from subsystems 1 to 2 and at t =t, from 2 to 3, such that
0<t <t, <t,.

The criterion to minimize is:

() 0 0 Y
such that x (0)=-1and x,(0)=3.

We present now the different results obtained during
the optimization of this system using the two methods

mentioned previously.

Figs. 3 and 4 present the results obtained by using a
GA-based approach while Figs. 5 and 6 give results
obtained by a PSO-based approach.

Figs. 3 and 5 show the state trajectory while Figs. 4 and 6
show the evolution of the cost fitness J .

In order to compare the performance of the two
approaches we present in Table 1 the obtained numerical
results.

¥2=f{x1)

25+

2 g5l

0s5¢

0 . . . .
-3 258 -2 £ =1 0.5
xl

Fig. 3. State trajectory using GA-based approach for Example 1

fitness preogress
T T

T T T T
minimum fintness

a7

a9

88 L L . . L n n L .
u] 2 4 B 8 10 12 14 16 18 20
generation

Fig. 4. Fitness progress J using GA-based approach for Example 1

*2=f{n1)

25+

2 oq5L

0s+

0 . . ! .
-3 248 225 EiE | =1 0.8
w1l

Fig. 5. State trajectory using PSO-based approach for Example 1
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Fig. 6. Fitness progress J using PSO-based approach for Example 1

Table 1. Results of optimization for example 1

Minimum

t1 ) t2 ) fitness

GA-based 0.7435 | 1.7989 8.8537
approach

PSO-based 0.7609 | 1.8020 | 8.8453
approach

We can remark that we have obtained nearly the same
cost by using the two approaches

5.2. Example 2 [27]:

The system 2 corresponds to system 1 but by
introducing jumps between the subsystems.
The switching jumps are presented as follow :

ORI
e 5

The criterion to minimize is:

t

I=2(x(t)) +%(xz (t)) +%J.((x1(t))z F(x, (1) it

2 0

Such that x (0)=-1and x,(0)=3.

Figs. 7 and 8, present the results obtained by using the
GA-based approach while Fig. 9 and Fig. 10 present those
obtained by the PSO-based approach. Figs. 7 and 9 show
the state trajectory while Figs. 8 and 10 show the
evolution of the cost fitness J .

Table 2 summarizes the numerical results obtained.
We note that in [27] using the gradient method the

optimal switching instants obtained are t,=0.6167s, t,
=1.6724s and the corresponding optimal cost J is

16.6518.
Even though, for this example and the others, the gradient

method converges to the optimum instants, the proposed

Linear Switched Systems Based on Meta-heuristic Approaches 13

approach based on meta-heuristics is better. Indeed, this
approach can find those instants regardless of the choice
of optimal initial instants and is extendable to the case of
nonlinear switching systems and therefore non-convex
cost functions (fitness) by obtaining the global optima.

w2=f(x1)

251

2 151

05F

. i L
-38 £d 225 52 1.5 -1 05
x1

Fig. 7. State trajectory using GA-based approach for Example 2

fitness preogress

minimum fintness

183

1821

1811

1791

fitness

17.8F

177

176f

1781

17.4 L L I I L L L L .
o 2 4 B 8 10 12 14 16 18 20
generation

Fig. 8. Fitness progress J using GA-based approach for Example 2

w2=f{x1)

J . . . . .
318 <3 25 -2 -1.8 -1 05
x1

Fig. 9. State trajectory using PSO-based approach for Example 2
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Fitness evolution
18.6 T T T

1641

1821

fitness
@

178

1761

17.4 . . L . L L . . L
0 2 4 B g 1o 12 14 16 18 20
generation

Fig. 10. Fitness progress J using PSO-based approach for Example 2

Table 2. Results of optimization for example 2

Minimum
b (s) () fitness
GA-based 0.6159 1.7794 17.463
approach
PSO-based 0.6214 1.7786 17.463
approach

We can remark that we have obtained exactly the same
cost by using the two approaches

5.3. Example 3 [12]:

We consider now a controlled linear switched system
consisting of :

+»  subsystem 1

) B 06 1.2 1

X=Ax+Bu= X+| |u
Ax+B, 08 34 1
¢+ subsystem 2:

] 5 4 3 2

Xx=Ax+Bu= X+ u
AX+E, -1 0 -1

We assume that t =0 and t =2 s. The system
switched at t =t from subsystems 1 to 2, such that

0<t <t . We want to find an optimal switching instant

t that minimizes the criterion :
1 . 1 . 1% .

J :E(xl(t,)—4) +E(X2 (t,)-2) +EI((xz(t)—2) +u (t))dt

such that:

x (0)=0and x,(0)=2.

We present now the different results obtained.
Figs. 11-13 present the results obtained by using the GA-
based approach while Figs. 14-16 present results obtained
by the PSO-based approach.

Figs. 11 and 14 present the control input evolution, Figs.
12 and 15 present the state trajectory and Figs. 13 and 16
present the evolution of the cost J .

Table 3 summarizes the numerical results obtained.
We note that in [12] using the gradient method, the

optimal switching instant obtained is t, = 0.1897s and the
corresponding optimal cost J is 9.7667.

U.‘Z UIA EIIE D.‘E 1I 1.‘2 1.‘4 1‘8 1.‘8 2
Temps(s)

Fig. 11. Control input U evolution using GA-based approach for

Example 3

H2=f(x1)

*2

. L L L L L
-2 -1 u] 1 2 3 4 a
1

Fig. 12. State trajectory using GA-based approach for Example 3

fithess prengress

8.774 T T T
SITEF .
977 r

9768
«w 9.766
'
g
&
= 9.764

8.762

976

9758

o 2 4 [ a8 10 12 14 16 18 20

generation

Fig. 13. Fitness evolution J using GA-based approach for Example 3
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D‘2 Dld D‘E DIE 1‘ 1 ‘2 1 ‘4 1 ‘5 1 ‘B 2
Temps(s)

Fig. 14. Control input U evolution using PSO-based approach for

Example 3

w2=f(x1)

L . L L . .
-2 -1 o 1 2 3 4 )
1

Fig. 15. State trajectory using PSO-based approach for Example 3

Fitness progress

9951

98r

fitness

9851

98r

9.75

L L . I !
1o 12 14 16 18 20
Temps(s)

v 2 4 & 8
Fig. 16. Fitness evolution J using PSO-based approach for Example 3

Table 3. Results of optimization for example 3

Minimum
t1 ©) fitness
GA-based 0.1870 9.7577
approach
PSO-based 01890 | 9.7651
approach

We remark that we have obtained nearly the same cost by
using the two approaches and it is similar to the cost
obtained by using the gradient method

5.4. Example 4 [17]:

We consider the controlled linear switched system
consisting of:
¢ subsystem 1:

. . 2 0 1
X=Ax+Bu= X+ u
AXTE, 0 -1 0

% subsystem 2:
0.5

. 5 5.3 1
X=AXx+Bu= X+ u
Ax+E, |53 05] |-1
¢+ subsystem 3:
10 0]
X+| |u
10 15 1]

Assume that t =0, t =3s and the system switches at

X=AX+BuU=

t =t from subsystem 1 to 2 and at t=t, from 2 to 3,

such that 0<t <t <t . We want to find an optimal

switching instants t and t, which minimize the criterion:

2 2
(Xl(tf )+4.1437) +(%, (t)-9.3569)
J= 1t
2
+E£<u (t))dt
such that:
x (0)=4 and x,(0)=4
Figs. 17-19 presents the results obtained by using GA-
based approach while Figs. 20-22 present those obtained
by the PSO-based approach.
Figs. 17 and 20 show the control input evolution, Figs. 18
and 21 present the state trajectory while Figs. 19 and 22
show the evolution of the cost fitness J .
Table 4 presents the numerical results obtained. We
note that in [18] using the gradient method the optimal

switching instants obtained are {; =1s, t, =2s and the

corresponding optimal cost J is 5.0487 x107 .

%10

4

a DIS 1‘ 1.‘5 i 2l5 3
Temps(s)

Fig. 17. Control input U evolution using GA-based approach for

Example 4
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12=f{x1)

w2

bl

Fig. 18. State trajectory using GA-based approach for Example 4

[(=]

fitness preogress
0.35 T T T

minimum fintness

03fF
0251

02r

fitness

015k

01F

0051

0 L : n . . L L
a 2 4 B g 10 12 14 16 18 20
generation

Fig. 19. Fitness evolution J using GA-based approach for Example 4

w1

4

o DIE 1‘ 1‘5 é 2‘5 3
Temps(s)

Fig. 20. Control input U evolution using PSO-based approach for

Example 4

*2=f{n1)

xl

Fig. 21. State trajectory using PSO-based approach for Example 4

fitness progress

251

05

L L . | " " n L 1
a 2 4 B 8 10 12 14 16 18 20
generation

Fig. 22. Fitness evolution J using PSO-based approach for Example 4

Table 4. Results of optimization of example 4

Minimum
LE | GO fitness
GA-based | 4 9977 | 1 9975 0
approach
PSO-based 1 2 0
approach

We can remark that we have obtained a better cost by
using the two approaches than the cost obtained by using
gradient method.

To detect the more difference between the
performances of the two proposed approaches, we present
in Table 5 the time of running programs for each example.
The programs have been developed under the MATLAB
7.1 on a PC whose features are:

e RAM:3GB
. Processor : Intel ® Pentium ® Dual CPU
3GHz

e  Operating system : Windows Vista.
o We remark that PSO is faster than a GA-based
approach.

Table 5. Time of running programs in minute

Example | Example | Example | Example
1 2 3 4
GA-
based 120.471 | 180.056 | 360.287 | 360.145
approach
PSO-
based 45.150 47.894 120.301 | 120.138
approach

We can remark that PSO algorithm converges faster than
GA one

6. CONCLUSION

In this paper, we proposed two meta-heuristic-based
solutions for optimal control problems, one based on
Genetic Algorithm and another on Particle Swarm
Optimization. We are interested in both autonomous and
controlled linear switched systems and we demonstrated
the effectiveness of these approaches to solve optimal
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control problems. However, these meta-heuristic-based
approaches can be extended to nonlinear switched
systems just by changing the stage (a) of the proposed
algorithm with its equivalent in the nonlinear approach. In
this case, the proposed approaches can yield better results
compared to those obtained by the gradient method
because the cost function is not convex for nonlinear
systems.
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